We study the multiple scattering Sunyaev-Zeldovich (SZ) signature, extending our previous analysis to high-temperature clusters. We consistently treat the anisotropy of the ambient radiation field caused by the first scattering and also consider lowest order kinematic terms. We show that due to temperature corrections monopole through octupole anisotropy of the singly scattered SZ signal attain different spectra in the second scattering. The difference becomes more pronounced at high temperature, and thus could be used to constrain individual line of sight moments of the electron density and temperature profiles. While very challenging from the observational point of view, this further extends the list of possible SZ observables that will be important for 3D cluster-profile reconstruction, possibly helping to break geometric degeneracies caused by projection effects. We also briefly discuss the scattering of primordial CMB anisotropies by SZ clusters.
of the cluster's peculiar motion, and thus could in principle be used to constrain the cosmological, large-scale velocity field.
As another example for the scattering of anisotropic cosmic microwave background (CMB) radiation by hot clusters, we calculate the contributions of primordial CMB temperature fluctuations. In addition to the thermal SZ (thSZ; Zeldovich & Sunyaev 1969 ) and kinetic SZ (kSZ; ) signal, clusters act as an optical depth screen, imprinting additional smallscale temperature fluctuations (with a thermal spectrum) on to the large-scale CMB anisotropies (see Sunyaev & Zeldovich 1981; Hernández-Monteagudo & Sunyaev 2010 , for related discussion); however, as we show here, this effect remains unobservable at this stage. Also, the hot cluster electrons exchange energy with photons drawn from the primordial CMB dipole, quadrupole and octupole anisotropy. Again, this effect is small, but it could be noticeable close to the SZ null. If a large primordial dipole were present, future samples of clusters can thus in principle be used to place a limit on its amplitude with stacking techniques.
SECOND SCATTERING AT HIGH TEMPERATURES
In this section we generalize the calculation of CDK13, providing a quasi-exact treatment of the second scattering including higher order temperature corrections. We start our analysis with the isothermal case, and then derive the expressions for general geometry of the intra cluster medium (ICM). Most technical details are presented in the appendices. In particular, there we discuss the scattering kernel describing the interaction of low-energy CMB photons with hot electrons for different multipoles of the radiation field.
While not the central part of the paper, these expressions might be of more general interest. We follow the same notation as CDK13.
The analysis of CDK13 considered the multiple scattering SZ effect at lowest order in the temperature parameter θ e = kT e /m e c 2 . Here, we evaluate the full Compton collision term, C[n], adding temperature corrections until the result converges. This changes both the singly scattered as well as the doubly scattered SZ signals. Explicit expressions for the collision term, valid for T e ≫ T γ , were given in Chluba et al. (2012b, CNSN hereafter) . We provide a brief summary of the most relevant equations in Appendix A.
SZ signal in the single scattering limit
As shown in Chluba et al. (2013, CSNN hereafter) , the thSZ signal introduced by the first scattering event is given by
∆I
(1) (x,γ) ≈ S (0) (x, τ,T e ) + ∞ k=1 S (k+1) (x, τ,T e ) ω (k) .
Here, we introduced the frequency variable x = hν/kT 0 (with the CMB monopole temperature T 0 = 2.726 K and the Planck and Boltzmann constants h and k, respectively). The SZ signal function, S (0) (x, τ,T e ), describes the effect of Compton scattering on the CMB monopole spectrum for electrons at SZ-weighted temperatureT e = τ −1 T e dτ ′ with total line of sight optical depth τ(γ) = N e (r)σ T dl, where N e (r) denotes the free electron profile. At the lowest order of the electron temperature, S (0) (x, τ,T e ) simply describes the standard thSZ effect. Using the Compton kernel, P 0 (s, T e ), to describe the scattering of the radiation monopole from frequency ν ′ to ν with s = ln(ν ′ /ν) [see Appendix A1.2 for more details], we may also write S (0) (x, τ,T e ) = x 3 I o τ P 0 (s,T e )[n pl (xe s ) − n pl (x)] ds,
where the constant I o = (2h/c 2 )(kT 0 /h) 3 ≈ 270 MJy sr −1 and n pl (x) = (e x − 1) −1 . The second term in Eq.
(1) accounts for the variation of the electron temperature along the line of sight, with temperature moments ω (k) = τ −1 (T e /T e − 1) k+1 dτ ′ . It really follows from a simple Taylor series of S (0) (x, τ, T e ) aroundT e before the line of sight average is carried out. The dominant contribution is from 5 k = 1, related to the line of sight dispersion of the electron temperature, while higher order moments typically drop rapidly (cf. CSNN). The functions S (k) (x, τ, T e ) ≡ (T k e /k!) ∂ k Te S (0) (x, τ, T e ) can be computed with high precision using SZpack (see CNSN) over a wide range of temperatures (T e 75 keV) and frequencies (0.01 x 30). In particular, SZpack overcomes the convergence issues of previous approaches without increasing the computational burden. In terms of an asymptotic expansion for small θ e ≡ kT e /(m e c 2 ), we can also express S (0) (x, τ, T e ) as
The functions Y k (x) can be found in Itoh et al. (1998) or CNSN up to k max = 10. Setting k max = 0 gives the standard thSZ formula, & Sunyaev 1969 ). We note that S (k) (x, τ, T e ) ≡ τŜ (k) (x, T e ). This factorization can be directly deduced from Eq. (3), and is a consequence of the single scattering limit. This property is important for deriving the second scattering correction for isothermal ICM. 5 The first derivative term vanishes when expanding around T =T e .
Second scattering correction: isothermal case
To obtain the second scattering correction, we simply have to reapply the Compton collision term to the singly scattering radiation field seen at every location r inside the cluster. The observed second scattering signal in the directγ is then given by averaging all contributions along the line of sight. This approach is possible, because the typical optical depth of clusters is very small allowing a Born-series expansion of the problem (see CDK13). For an isothermal distribution of free electrons (ω (k) = 0) with general electron density profile N e (r), around the location r and in the direction γ ′ , from Eq. (1) we have
. This expression shows that the anisotropy of the local radiation field is solely determined by variations of the optical depth, τ(r,γ ′ ) around r. Using the scattering kernel, P ℓ (s, T e ), for different radiation multipoles ℓ, the full Compton collision term C[n] is given by Eq. (A6). Introducing the distortion of the photon occupation numberŝ (0) (x, T e ) =Ŝ (0) (x, T e )/(x 3 I o ) caused by the first scattering event and inserting into C[n] then yields the second scattering SZ signal observed in the directionγ
Here, P ℓ (x) is the Legendre polynomial and τ ℓ denotes the weighted (by N e (r)σ T ) average optical depth Legendre coefficient integrated along the line of sight. We separated terms that leave the singly scattered spectrum unchanged (first two terms) from those that alter the spectrum (last term). At this point, we only assumed that the scattering medium is isothermal with temperature much larger than the CMB temperature, so that Eq. (4) gives a quasi-exact representation of the second scattering signal. The first term of Eq. (4), ∆I (2),T , is simply the Thomson scattering correction to the thSZ signal. Comparing with Eq. (9b) of CDK13, shows that only ∆I
(1) /τ ≈ θ e x 3 I o Y 0 (x) was replaced witĥ S (0) (x, T e ) to account for all higher temperature corrections to the singly scattered radiation field. The second term of Eq. (4), ∆I (2),σ , is caused by temperature-dependent corrections to the total scattering cross section of each radiation multipole. At the lowest order of T e , CDK13 showed that this term is negligible, thus even for higher temperature one expects ∆I (2),σ only gives a very small correction to ∆I (2),T . Defining ∆σ ℓ = P ℓ (s, T e ) ds − δ ℓ2 /10, we can compute the temperature-dependent terms of the total scattering cross section numerically. The results are shown in Fig. 1 . The cross section correction for scattering of the dipole anisotropy is well described by the leading order term, ∆σ 1 ≃ −(2/5)σ T θ e , up to kT e ∼ 50 keV. For the quadrupole and octupole higher order temperature corrections need to be included to give an accurate representation of the cross section correction, but in general the contribution to the SZ signal remains negligibly small so that below we omit it.
Equation (4) also shows that for isothermal electrons, the spectral (redistribution) part can be computed without knowledge of Figure 1 . Temperature correction to the scattering cross section for dipole through octupole anisotropy. We normalized by the lowest order correction, σ 1,low = −(2/5)σ T θ e , σ 2,low = −(3/5)σ T θ e and σ 3,low = (6/35)σ T θ e . the optical depth anisotropies. This means that even for general geometries or electron density profiles, the integrals over scattering angles and electron momenta can be carried out independently. Another simplification is possible, because multipoles with ℓ > 3 scatter at leading order O(θ ℓ−2 e ) in temperature (see CDK13). One can furthermore expect that the high ℓ moments of the y-parameter are smaller than those for ℓ ≤ 3. Hence, only contributions from multipoles ℓ ≤ 3 need to be considered, even for very hot clusters, kT e ≃ 25 keV. These aspects greatly simplify the calculation, especially when using simulated clusters to obtain more realistic predictions for the second scattering SZ signal.
Second scattering correction to the thSZ effect in the Fokker-Planck approximation
To compute the second scattering correction caused by energy exchange with thermal electrons, ∆I (2),E (x,γ), we have to carry out the integral over the scattering kernels, giving a quasi-exact result for the correction. Numerically, this is straightforward but for analytic estimates and at low temperatures it is useful to give the corresponding terms using a Fokker-Planck approximation of the collision term. With Eq. (A4) we find
For the dipole and quadrupole all kernel moments I k ℓ (T e ) up to O(θ 9 e ) were provided by CNSN. For the octupole they are summarized in Table B1 . Equation (5) can be further simplified (see Appendix B) into the compact form
where the distortion functions Y
k (x) are defined by Eq. (B3). CDK13 already showed that at the lowest order of the electron temperature, Y
however, at higher order in temperature the independent multipoles scatter differently: 
The derivatives of the Planckian spectrum for any k can be calculated in closed form using Eulerian numbers, as explained in Appendix A of CNSN. Higher order temperature terms can be obtained in a similar way, but since the formulae are not very illuminating we omit them here. Up to O(θ 11 e ) all correction terms for ℓ ≤ 3 are available for SZpack; however, the convergence of these expressions is very limited, as discussed below. The functions Y k did not appear in the literature before but are required to describe the second scattering signal correctly.
Temperature-dependence for different multipoles
CDK13 showed that at the lowest order in θ e , the spectral distortion functions ∆I (2),E ℓ for ℓ ≤ 3 all look the same modulo a constant coefficient. However, already at rather low temperatures kT e ≃ 5 keV, the lowest order expansion ∝ Y (ℓ) 0 becomes inaccurate, and higher order temperature corrections need to be included. This is shown in Fig. 2 for ℓ ≤ 3. Not only ∆I (2),E 0 differs significantly from the lowest order expression, but also the dependence of ∆I (2),E ℓ on multipole is noticeable. At low temperatures, the asymptotic expansion up to O(θ 11 e ) converges very well, but already at kT e ≃ 8 keV − 10 keV the series breaks down. For k = 0 this was also found by Itoh et al. (2001) and Dolgov et al. (2001) using the isotropic scattering approximation (ISA).
At higher temperatures numerical integration with the Compton kernel (see Appendix A1.2) should be used to obtain accurate results. This is because a Fokker-Planck expansion becomes nonperturbative, converging asymptotically slowly 6 . As Fig. 2 illustrates, in this case the differences between the scattering signals for independent multipoles become more pronounced. The largest difference is found at high frequencies, in the Wien tail of the CMB. This effect could in principle allow separation of the different optical depth moments for ℓ ≤ 3 with future SZ measurements.
Total second scattering signal and comparison to the ISA
To illustrate the amplitude of the second scattering contribution at higher temperatures, in Fig. 3 we show the total signal for different 
, with α 0 = 1, α 0 = −2/5, α 2 = 1/10, and α 0 = −3/70. We rescaled all curves by θ 2 e α ℓ to make them comparable. For kT e = 5 keV the results are computed using the asymptotic expansion up to O(θ 11 e ) [9 th order correction in θ e ], while for kT e = 25 keV the kernel approach was applied. At higher temperatures the differences between the scattering signals for independent multipoles become more pronounced.
temperatures. In our formulation, the ISA reads
The ISA does not account for the largest correction caused by Thomson scattering. Its relative contribution becomes smaller at higher temperatures (see the lower panel of Fig. 3) ; however, it clearly affects the overall characteristic of the second scattering signal. We can also notice the effect of geometry on the SZ signal, an effect that also is not captured by the ISA. The total correction reaches ≃ 0.2% for kT e = 25keV at intermediate frequencies, while in the Wien tail (x 10) it exceeds this level. Close to the crossover frequency the contribution from second scattering terms is also significant, shifting its position. Although the total correction differs significantly from the one found in previous works, the second scattering SZ signal remains small. Even the shift in the position of the crossover frequency is small and strongly degenerate with other effects in this band, e.g., because of higher order temperature correction to the thSZ, line of For comparison, we show the singly scattering thSZ effect which is the same in both cases. Also, in the ISA, the second scattering SZ signal is independent of the geometry; however, due to Thomson scattering corrections, the second scattering signal directly probes the geometry of the electron distribution. At higher temperatures this effect becomes less important.
sight temperature variations, or the kSZ effect. Nevertheless, it in principle opens another way to constrain the distribution of electrons inside the cluster and in the future it might help with the 3D cluster-profile reconstruction.
Second scattering correction: non-isothermal case
CDK13 showed how spatial variations in the electron temperature affect the SZ signal at the lowest order in T e . To include this effect at higher order, we can proceed in a similar way. Because more detailed modelling of the ICM is required to account for spatial electron temperature variations, here we just outline the procedure, emphasizing the main dependences on the cluster's atmosphere, i.e. moments of N e (r) and T e (r). A simulation-based analysis is left for the future. Starting with Eq. (1), it is clear that in the general case the anisotropy of the singly scattered radiation field also depends on the variations ofT e (r,γ) and ω (k) (r,γ). For the singly scattered radiation field, the SZ-weighted temperatureT e = τ −1 T e dτ ′ is im-portant; however, in the second scattering the weighting changes by another factor of τ toT *
This can be seen when considering the scattering of photons out of the line of sight. Neglecting moments of the temperature field with powers k > 1 we can express the singly scattered radiation field at location r as
where
′ T e dτ ′ makes the second term vanish once the line of sight integral for the second scattering is carried out. This yields
Although the second scattering out of the line of sight does not include any energy exchange, the singly scattered spectrum, being a mixture of SZ signals from scattering electrons with different temperatures, is reweighed slightly, causing a small change in the shape of the average photon distribution. The change fromT e toT * e is most important, but also the effective second temperature moment, ω
(1), * , in general differs from ω (1) . This small effect is absent at the lowest order in the electron temperature.
To derive the intensity change caused by scatterings back into the line of sight, we insert Eq. (8) into the collision integral. To give the final expression we need expansions for
where it is important that for the redistribution of photons at location r along the line of sight the local electron temperature T e (r) is relevant. With this we find
where X ≡ X(r) dτ as before. The last line of sight average can be further simplified by inserting
where 
We suppressed the arguments of ∆Ŝ finedΘ = T e /T * e − 1. As this expression shows, for photons scattering into the line of sight also first derivative terms of ∆Ŝ ℓ contribute. Like for the isothermal case the computation of the spectral redistribution part, i.e. the integrals ∆Ŝ ℓ (T * e ,T * e ) and its derivatives, can be carried out independent of the line of sight averages over the ICM. Also, the coefficients [τΘ] ℓ and [τω (1) ] ℓ can be computed directly with τ ℓ , Θ ℓ and ω (1) ℓ using Wigner-3 j symbols. This shows that the second scattering SZ signal in principle depends on spatial variations of the electron temperature.
LOWEST ORDER KINEMATIC CORRECTIONS
With our method it is also straightforward to compute the second scattering correction to the kSZ effect at the lowest order in the cluster velocity β c = v c /c. For cold electrons, the singly scattered SZ signal is given by )
where β =γ · β c = β c µ c is the line of sight component of the cluster's peculiar motion, β c = v c /c. The second scattering signal has two main contributions. One is of the order of ≃ τ 2 β c and just derives from the Thomson scattering correction to the kSZ signal. The other is ≃ τ 2 θ e β c , which is caused by two effects: (i) temperaturedependent corrections to the kSZ in the second scattering and (ii) temperature-dependent corrections to the first scattering with subsequent Thomson corrections in the second scattering. The relevant temperature correction to the singly scattered signal is (see CNSN)
The first two contributions in parenthesis arise from the motioninduced dipolar part of the radiation field, while the second term is just from the Lorentz transformation of the thSZ signal from the cluster rest frame back into the CMB rest frame.
To compute the second scattering correction we again have to describe the anisotropy of the singly scattered radiation field around different locations inside the cluster. For the kinematic terms now also the variation of β with respect to the line of sight matters. Be-
, the azimuthally symmetric projections with respect toγ are
As this expression shows, the second scattering signal in principle is sensitive to components of the optical depth field with m = −1, 0, 1. This is because the cluster's motion introduces a preferred direction that breaks the symmetry. We can also see that the signal depends on all three components of the cluster's peculiar velocity, so that it could in principle allow constraining the large-scale cosmological velocity field. Including only the lowest order temperature terms with α 0 = 1, α 0 = −2/5, α 2 = 1/10 and α 0 = −3/70, we find the second scattering signal
where we neglected the correction caused by the temperaturedependence of the cross section, ∆I (2),σ . For the first and second scattering kSZ effect, the relevant spectral functions are G(x)+θ e D 0 and D (0) 0 (x). These are shown in Fig. 4 . The dominant correction arises again in the Thomson limit; however, the second scattering kSZ correction is usually smaller than the second scattering thSZ correction, simply because β < θ e .
In terms of geometric dependences a similar discussion as for the thSZ correction applies. In the ISA, the correction is again independent of geometry and given by ∆I (2),iso (x,γ) ≈ θ e β x 3 D
0 (x) τ 2 /2. Including the effect of anisotropic scattering makes the situation richer. For spherical symmetry, as shown in Appendix B1, at impact parameter b we have
where β ⊥ = β c 1 − µ 2 c and ∆ϕ = ϕ c − ϕ r define the phase between the projections of r and the velocity vector β c on to the sky. The functions λ ℓ (b) and κ ℓ (b) [see Eq. (B6)] encode the dependence on the geometry of the scattering medium. In Fig. 5 , we illustrate their dependence on the impact parameter for an isothermal β-profile. By symmetry λ 2k = κ 2k+1 = 0. Furthermore, we find κ 0 ≈ −κ 2 , because in both cases the dominant moment is τ 1,1 . In terms of SZ observables it is useful to group terms ∝ β and ∝ β ⊥ : Figure 5 . Dependence of λ ℓ and κ ℓ for an isothermal β-model on the impact parameter b. We normalized all curves by X 0 = τ 2 c /2. We separately show λ E = (2/5) λ 1 + (3/70)λ 3 , which is relevant for the energy exchange term from kinematic corrections.
scattering correction ≃ τ c /2 relative to the kSZ signal, which could reach ≃ 1% for dense systems. The second scattering distortion, ∝ β θ e λ E , only reaches ≃ 5 × 0.3 θ e τ c /2 ≃ 10 −4 , where the factor of 5 is the rough amplitude ratio of the spectral functions G(x) and D (0) 0 (x) (cf. Fig. 4 ). Next assuming β ≈ β ⊥ and ∆φ = 0 we have the maximal effect related to β ⊥ at impact parameter b ≃ r c , with κ 0 ≃ −0.06 τ 2 c /2. This means that the Thomson scattering correction for τ c ≃ 0.01 is ≃ −(9/10) 0.06 τ c /2 ≃ 2.7 × 10 −4 relative to the kSZ effect. Clearly, this effect is negligibly small, and the energy exchange correction ∝ β ⊥ is even smaller.
SCATTERING OF PRIMORDIAL CMB TEMPERATURE ANISOTROPIES
For the derivation of the SZ effect, the usual assumption is that the unscattered radiation field is isotropic. However, one additional, small correction to the SZ signal is caused by the scattering of primordial CMB temperature anisotropies. The incoming radiation field is given by
Θ γ (γ) describes the CMB temperature anisotropies. The correction to the SZ signal is then given by
Again two contributions appear, one that alters the spectrum of the CMB anisotropy by upscattering photons (first integral), and a second that just redistributes photons into different directions. Neglecting small temperature corrections to the total scattering cross sections of different multipoles, the latter is approximately given by (see also Sunyaev & Zeldovich 1981 ) ∆I
(1),T prim (γ) ≈ xscattered back into the line of sight. This effect causes power from large-scale CMB isotropies (ℓ 500) to leak towards small scales (ℓ ≃ 2000 − 3000), comparable to the angular scales of typical optical depth pockets (and troughs) hosted by clusters and other large-scale inhomogeneities (for similar discussion see Hernández-Monteagudo & Sunyaev 2010) . A similar effect arises due to the patchiness of reionization (Natarajan et al. 2013) , however, the late effects from clusters and voids as sources of optical depth variations were not discussed there. It is straightforward to estimate this contribution. Using the thSZ power spectrum (e.g., Trac et al. 2011) and assuming that clusters are isothermal at average temperature kT e ≃ 5 keV, one can give a template for the τ-screen caused by clusters, C (ν = 148 GHz). For the τSZ signal mostly large-scale CMB anisotropies (ℓ 500) matter, so that
. (21) This is ≃ 100 times smaller than the estimated τ-signal from patchy reionization (Natarajan et al. 2013) , with an apparent root means square, τ rms ≃ 10 −4 from clusters. A few comments are in place here. Cross-correlations of the τSZ signal with the thSZ might allow identification of this contribution. It should also contribute to the SZ bispectrum (Bhattacharya et al. 2012 ). In addition, voids, which constitute optical depth valleys, should show up as optical depth screen, although their overall thSZ signal ought to be tiny. Given the very different characteristic scale of voids their optical depth screening effect might be separable from the τSZ and patchy reionization τ signal. Also, since the spectrum of this τSZ signal is thermal, it is fully degenerate with the cluster's kSZ effect; however, the possible bias is no larger than a few percent of the kSZ signal, unless there is an unusually large primordial dipole, Θ γ,1 ≃ 10 −4 − 10 −3 . And finally, because we can directly measure the large-scale CMB anisotropies, knowing the positions of thSZ clusters we can in principle predict the τSZ signal for our realization of the Universe. This avoids limitations set by cosmic variance of the large scales CMB modes. Still, the overall effect is very small, and hence unobservable at this stage.
The distortion part of ∆I (1) prim again can be computed without direct reference to the actual amplitude of the CMB temperature anisotropies or the cluster's optical depth. In Fig. 6 , we show the spectral behavior for the first few multipoles. The signal is at least ≃ Θ γ,ℓ times smaller than the thSZ of the same cluster. It is largest for scattering of the local dipole anisotropy and drops very strongly for ℓ > 3, due to additional temperature suppression. The signal is therefore negligible overall. This can be also shown by considering the exact position of the SZ crossover frequency: at the lowest order in θ e = kT e /m e c 2 , we have
where D
0 (x) is given by Eq. (15) and shown in Fig. 4 . Thus, the SZ null is shifted by ∆x c ≈ 0.38[−4Θ γ,1 + Θ γ,2 − 0.4Θ γ,3 ], which gives no more than |∆x c | ≃ few × 10 −5 . Nevertheless, this contribution can be easily accounted for once the position of the cluster relative to the CMB anisotropies (dipole through quadrupole) is known. In particular, a large primordial CMB dipole should leave a signature with known angular dependence. This could provide a way to place upper limits on the amplitude of the primordial dipole using large SZ cluster samples, an effect that is complementary to the SZ cluster number count anisotropy caused by the motion of the Solar system with respect to the CMB (Chluba et al. 2005) .
CONCLUSION
We demonstrated that the second scattering SZ signal at high temperatures has non-trivial dependence on the spatial variations of the electron temperature and density (see Fig. 3 ). These aspects are not captured by the ISA used in previous analysis of the problem. A detection of these differences will be challenging, especially when including spatially varying foregrounds and instrumental effect; however, they give rise to another independent set of SZ observables that in the future could be important for the 3D cluster-profile reconstruction. Also, due to the ≃ N 2 e scaling, the detectability of the signals could be further increased by using cross-correlation with X-rays (CDK13), but a more detailed assessment of this possibility is beyond the scope of this work.
Including variations of the electron temperature along different lines-of-sight in principle further increases the total number of independent SZ variables, owing to the fact that different contribu-tions all have different spectra [cf. Eq. (11)]. Because the models used here to demonstrate the effects are very simplistic, it would be interesting to quantify the dependences in more detail using realistic cluster simulations. In this way, it is also possible to account for the full asphericity and clumpiness of the ICM, which could increase the importance of the second scattering SZ effect.
We showed that the lowest order kinematic corrections depend on all three components of the cluster's peculiar motion [see Eq. (17)]. While this is intriguing from an observational point of view, the overall signal again is extremely small, rendering an application of this effect challenging (see Sect. 3).
In Sect. 4, we discussed the SZ signal caused by scattering of primordial CMB isotropies. Clusters host free electrons which in addition to the thSZ and kSZ signals (from scattering of the CMB monopole) also create a τSZ effect (mainly by scattering CMB background photons out of the line of sight) in the Thomson limit. The signal is thermal and appears as contribution to the small-scale CMB temperature power spectrum. However, our estimates show that the signal is about 100 times smaller than, e.g., the signal caused by optical depth variation during the reionization epoch (Natarajan et al. 2013) . Additional variation of the average optical depth could come from voids, which were not discussed here but could enhance the overall effect at slightly different scales. The τSZ effect could furthermore bias kSZ measurements (see Hernández-Monteagudo & Sunyaev 2010, for more discussion). Spectral distortions created by the scattering of the primordial CMB dipole through octupole by hot electrons in clusters also leave a signature in the SZ signal, but as discussed in Sect. 4, this effect is small. While a detection of the τSZ effect will be challenging, in the future the positions of millions of SZ clusters will be known from thSZ measurements. This could provide an approximate spatial template for the τSZ contribution, at least for the largest system, which again could be used to enhance the observability of this small effect; however, a more detailed discussion of future observational prospects is left to another work. ments on the manuscript. JC furthermore thanks Nick Battaglia for useful discussion on the τSZ effect. This work is supported by the grants DoE SC-0008108 and NASA NNX12AE86G.
APPENDIX A: BOLTZMANN COLLISION TERM FOR COMPTON SCATTERING

A1 Photon Boltzmann equation and collision term
For hot electrons, T e ≫ T 0 , the Boltzmann collision term is explicitly discussed in Sect. 2.1 of CNSN. Aligning the z-axis withγ, and writing n(x, r,γ) as spherical harmonic expansion, one obtains
where 7 n ℓ = √ (2ℓ + 1)/(4π) n ℓ0 and P ℓ (x) is a Legendre polynomial; f e (p) is the relativistic Maxwell-Boltzmann distribution of electrons (Eq. (4) of CNSN); dσ/ dΩ ′ is the differential cross section for Compton scattering (Eq. (2) of CNSN); and the direction cosines are µ =β ·γ, µ ′ =β ·γ ′ and µ sc =γ ·γ ′ . Here,β andγ ′ define the direction of the incoming electron and photon, respectively. Finally, x ′ ≈ x(1 − βµ)/(1 − βµ ′ ) when neglecting recoil effects, which is possible since T 0 ≪ T e .
For the last step in the definition of C[n], we used the symmetry of the scattering process. After integrating over ϕ, the cross section becomes independent of ϕ sc (also see CNSN). Therefore, only multipoles of the radiation field with m ≡ 0 matter for the scattering of photons into the line of sight, and it is sufficient to only keep terms ∝ n ℓ0 Y ℓ0 ∝ P ℓ (µ sc ). With this simplification, it is best to use dϕ ′ dµ ′ instead of dϕ sc dµ sc to carry out the integral over the incoming photon distribution, applying the identity µ sc = µµ ′ + cos(ϕ − ϕ ′ ) 1 − µ 2 1 − µ ′2 . Explicit expressions for d 2 σ ℓ /( dµdµ ′ ) with ℓ ≤ 2 are given in Appendix B of CNSN. Using the addition theorem for spherical harmonics, one can find the general expression for ℓ > 0
where we defined ζ = ν ′ /(νγ 2 κ 2 ) and κ = 1 − βµ. We note that this result is only valid if recoil and stimulated terms can be neglected (T 0 /T e ≪ 1).
A1.1 Fokker-Planck expansion of the collision integral
To compute the collision integral over incoming photons, one can formally rewrite the photon distribution performing a Taylor expansion in the frequency shift, ∆ ν = (ν ′ − ν)/ν. Defining the moments of the scattering kernel
we can cast Eq. (A1) into the form
The monopole spectrum is not affected by scattering, unless energy transfer is included (k > 0). One can also distinguish terms without energy transfer (k = 0) from those with energy transfer (k > 0). The former leave the incoming photon spectrum unaltered, but help isotropizing the photon field contributing a temperature-dependent shear viscosity, while the latter also cause redistribution of photons over frequency, and hence create a distortion. Although formally valid, it is also well known that the collision term in the form Eq. (A4) converges very slowly once the temperature of the medium becomes larger than kT e ≃ 10 keV (e.g., see Challinor & Lasenby 1998; Sazonov & Sunyaev 1998) . Still for analytical considerations this form is very useful and applicable to general incoming radiation fields. At 7 For a general coordinate system one has n ℓ ≡
the lowest order of the electron temperature, the kinetic equation describing the scattering of monopole through octupole anisotropy was previously derived and discussed by Chluba et al. (2012a) . Here, we provide analytic forms of the higher order temperature corrections and explicitly compute the collision term numerically.
A1.2 Collision integral in the kernel approach
The collision integral can be reformulated using the logarithmic frequency shift, s = ln(ν ′ /ν) (e.g., see Wright 1979) . Substituting µ(s, β) = [1 − e s (1 − βµ ′ )]/β, we can convert the µ-integral into an integral over s. The integration range of s then depends on µ ′ , i.e.
Next, one can switch the s-and µ ′ -integrals, so that afterwards −s lim ≤ s ≤ s lim and max
Using β = η/ 1 + η 2 and η = p/(m e c), one can finally interchange the sand p-integrals finding
with ε(η) = 1 + η 2 , η min = sinh(|s|/2) and θ e = kT e /[m e c 2 ], and where K 2 (x) is the modified Bessel-function of second kind. For ℓ = 0, this expression for the kernel is in agreement with the result of Wright (1979) ; however, here we used slightly different variables. We mention that P 0 (s, θ e ) ds = 1 at all temperatures, and P 2 (s, 0) ds = 1/10, while P ℓ (s, 0) ds = 0 otherwise. More generally, P ℓ (s, θ e ) ds = σ ℓ (θ e )/σ T , where σ ℓ (θ e ) is the total scattering cross section of multipole ℓ.
For numerical purposes, the scattering kernel formulation is very convenient, as the kernel can be precomputed for different temperatures, while the convolution of the spectrum can be carried out independently. This accelerates the numerical evaluation of the collision term by a large factor. We tabulated the kernels for ℓ ≤ 4 over a wide range of temperatures (1 keV kT e 100 keV) for SZpack. In particular, the second scattering correction is readily evaluated using this method, with precision ≃ 0.1% (on the correction). In Fig. A1 , we show the scattering kernel for a few cases. They all exhibit a cusp at s = 0, which is a consequence of the sdependence of η min and also well known for ℓ = 0 (e.g., Sunyaev 1980; Sazonov & Sunyaev 2000) . One additional aspect is that the kernels for ℓ > 0 are no longer positive at all frequencies. Physically, this is connected to the fact that, in a narrow frequency range, photons of the anisotropic part are redistributed not only over frequency but also spatially, leading to isotropization and damping of spectral anisotropies. However, a more detailed discussion is beyond the scope of this paper.
APPENDIX B: FOKKER-PLANCK RESULT FOR SECOND SCATTERING TERMS
Using the Fokker-Planck approach, for the scattering of the isotropic CMB we can formally defineŝ (0) 
, where we introduced the vectors θ e = (1, θ e , θ 2 e , ..., θ n e ) T and Y = (Y 0 , Y 1 , ..., Y n ) T , with n denoting the maximal order of temperature corrections (usually n = 10). The vector Y itself can be determined by a simple matrix operation, Y = (M 0Ô )n pl , where the co- Table B1 of CNSN and the operator O = (x∂ x , x 2 ∂ 2 x , ..., x 2n+2 ∂ 2n+2 x ) T was introduced. Note that M has n + 1 rows and 2(n+1) columns. Consequently, one hasŝ (0) (x, T e ) = θ e [θ e ·(M 0Ô )] n pl .
The matrix M 0 was derived for the scattering of the monopole radiation field. Similarly, one can define the matrices M 1 , M 2 and M 3 using kT e = 20 keV Figure A1 . Shape of the scattering kernel for ℓ ≤ 4. At higher temperatures the characteristic width of the scattering kernel increases (note the change in the scale of s = ln(ν ′ /ν) between the upper and the lower panel). Scattering of the monopole is strongest, while photon anisotropies scatter less efficiently as ℓ increases. Although the total integral over the scattering kernel decreases rapidly for ℓ > 3, the redistribution terms remain significant. Tables B2 and B3 from CNSN and Table B1 
To simplify this expression at different orders of the electron temperature the operator relation Although a bit clunky, the sums can be easily computed for different cases.
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B1 Evaluation of [τβ ] ℓ for isothermal β-profile
To illustrate the second scattering corrections to the kSZ effect, we need the moments, [τβ ] ℓ . The simplest line of sight is the one that is aligned with β c . In this case, β (γ ′ ) = β c P 1 (γ ·γ ′ ) = β c µ r , which is independent of the position z along the line of sight. We find 
where β ⊥ = β c 1 − µ 2 c and ∆ϕ = ϕ c − ϕ r defines the phase between the projections of r and the velocity vector β c on to the sky. We also used τ l = (2l + 1) τ l,0 . For spherically symmetric electron distributions, λ 2k (b) = κ 2k+1 (b) = 0. Also, by symmetry P m ℓ (−x) = (−1) m+ℓ P m ℓ (x) implying τ 2k,1 = 0.
